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Abstract--For a system of reaction-diffusion equations with a small parameter e > 0, modelling 
spatio-temporal patterns arising in chemical systems, a Hopf-bifurcation f equilibrium solutions with 
a sharp internal transition layer is established. The Hopf-bifurcation is singular in the sense that it 
cannot be detected in the singular limit as e --~ 0. (~) 1998 Elsevier Science Ltd. All rights reserved. 
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1.  INTRODUCTION 
Chemically reacting and diffusing systems have been providing us with a great deal of spatio- 
temporal pattern formation phenomena. Moreover, the recent years have seen a renewed interest 
in dissipative structures in chemical systems. This interest is mainly due to the appearance of
open spatial reactors developed by groups in Texas and in Bordeaux. 
Here we are interested in layer oscillation phenomena arising in reaction-diffusion models based 
upon chlorite-iodide r actions performed in the Couette flow reactor (Bordeaux reactor) with 
continuous flow tank reactors (CSTRs) at the end [1]. As a prototypical model of the chlorite- 
iodide reaction experimented byDe Kepper et al. [2,3], Elezgaray and Arneodo [1] proposed the 
following one-dimensional reaction-diffusion model with a small parameter e,
Ou DO2u 
O--t = Oz ~-- + e-2[v - F(u)], 
Ov DO2v 
- -  - -u+a,  
Ot Ox 2 
t>0,  x e (0,1).  (1) 
Boundary conditions for (1) are the Dirichlet ones: 
u(t, 0) = s0,  v(t, 0) = Z0 = F(a0) ,  
u(t, 1) = ~1, v(t, 1) = f~l = F (~I ) ,  (2) 
which represent the well-maintained chemical compositions of two CSTRs at the ends of the 
Couette flow reactor. The most important feature of the Couette flow reactor is that the effective 
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diffusion rate D and the boundary values a0, rio, etc., are controllable parameters. The effective 
diffusion rate D is controlled by changing the rotation speed of the inner cylinder of the Couette 
flow reactor, while the boundary values are controlled by carefully maintaining chemical com- 
positions of the CSTRs. Elezgaray and Arneodo [1] numerically display various spatio-temporal 
patterns for different values of these parameters, which agree well with experimental results [4,5]. 
When the effective diffusion rate D is suitably large, steady states of sharp internal transition 
layers are observed for small e > 0. As D is decreased, these states are destabilized and evolve 
into periodic solutions with oscillating layers. When D is further decreased, the amplitude of the 
oscillations gets bigger and the oscillating manner becomes erratic. 
The purpose of our work is to mathematically understand the destabilization mechanism of the 
layer solutions of (1),(2) near the onset when D is varied. Although the main result of this paper 
are valid for much wide class of systems including a problem from combustion processes such as 
treated in [6-8], we restrict ourself here only to the problem (1),(2) for the sake of brevity. 
By following experimental studies of De Kepper et al. [2,3], we assume properties (H1)-(H3) 
below for the nonlinear function F(u). 
PROPERTY (H1). The function F(u) is smooth and has a local maximum VM at u = UM and a 
local minimum Vm at u = Urn with UM < Urn. 
PROPERTY (H2). F'(u) > 0 for u < UM and u > urn, and F'(u) < 0 for UM < u < Urn. 
PROPERTY (H3). Let u = ho(v) be the inverse of v = F(u) for u > Urn, and hi(v) the inverse of 
v = F(u) for u < UM. For v • [vrn, VM], define J(v) by 
hi (v) 
J (v) = Iv - F(s)] ds. (3) 
J ho (v) 
Then there is a unique v* • (vrn, VM) such that J(v*) = O. Note that 
J ' (v) = hi(v) - ho(v) < O. 
It is noteworthy that Elezraray and Arneodo [1] demonstrate hat reaction-diffusion systems (1) 
with Dirichlet boundary conditions (2) are capable of producing a rich variety of spatic~temporal 
patterns. Many of such patterns eem to have dynamical behavior, different from those under 
homogeneous Neumann boundary conditions (which makes the system closed). The novel results 
in [1] have triggered off the present work and some of recent related works [7,8]. 
In order to fix the situation further, we choose the parameters a, a0, etc., in the following way: 
al < hi(v*) < um < a < ho(v*) < ao. (4) 
Under this additional condition, one knows that the ordinary differential equations 
= _ F(u) l ,  = + a 
have a unique stable equilibrium (a, F(a)), and that when e > 0 is sufficiently small the equilibrium 
is globally stable. In spite of this, it is shown that the P.D.E. system (1),(2) has periodic solutions 
with oscillating layers when the diffusion rate D is smaller than a critical value, as we will see 
later. 
Layer oscillations in reaction-diffusion systems related to (1),(2) were analyzed by Nishirua 
and Mimura [9]. Their model is described, in our setting, by 
erOu dO~u 
0--/- = 07-  + [v - F (u ) ] ,  
Ov 02v 
- -  - -  u + a ,  
Ot Ox 2 
t>o ,  x e (o,1), (5) 
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where the parameter ~> 0 is of order O(1) as e ~ 0. The system (5) has the feature that there 
are substantial differences both in diffusion and reaction rates, namely, u reacts more rapidly 
than v, while u diffuses much slower than v. It was shown in [9] that (5) has an e-family of 
equilibrium solutions with an internal transition layer and that the solutions undergo a Hopf- 
bifurcation as the parameter 7-decreases. In our problem, however, ~- -- e, so that the bifurcation 
analysis for (1) cannot be performed in the limit e -~ 0 as in [9]. What we would like to discuss 
in this report is to deal with the Hopf-bifurcation with respect o D as a parameter. The formal 
analysis performed for (1),(2) in [1] is now justified in a mathematically rigorous way. 
2. RESULTS 
Throughout this section, we assume (H1)-(H3) and (4). 
THEOREM 1. For e > 0 small, there exists a two parameter family of equilibrium solutions 
/d(x; e, D) = (U*(x; D), V¢(x; D)) 
of (1),(2) for D • [Do,D1], which exhibits an internal transition layer of width O(e) near a 
well-defined point x = x*(D) • (0,1). Moreover, 
lim b/(x; e, D) = b/*(x; D) = (U*(x; D), V*(x; D)) 
e---~0 
uniformly on [0, x* (D) - 5] U [x* (D) + 5, 1] for each 5 > 0. Here V* (x; D) is a C 1-matched solution 
of 
DV~ + a - ho(V) = 0, 
D•x + a -  h i (V)  = O, 
x • (0, x*(D)), 
x • (x*(D), 1), 
V(O) = no, V(x*(D)) = v*, 
V(O) ~- ~1, V(x*(D)) = v*, 
and 
ho(V*(x;D)), x • [0,x*(D)], 
U*(x;D) = hI(V*(z;D)) ,  x•  [x*(n), l] .  
The function ld*, which is called an outer solution, has the additional property. There exists 
D* • [D0, D1] such that V*(x;D) is monotone decreasing for D > D*, and that V*(x;D) has 
one local minimum in (0, x*(D)) and one local maximum in (x*(D), 1) for D < D*. 
OUTLINE OF THE PROOF OF THEOREM 1. The method is well established (see [9] and the 
references therein for the detail) so that we show only the outline of proof. We start with finding 
a CX-matched solution of the following: 
DV°~ + a - ho(V °) = O, 
DV~x + a - h l (V  1) = O, 
x • (0,x*), v°(0) = n0, v°(x *) = v*, 
z• (z* , l ) ,  v1(0)=/~1, v l (x* )=v  *. 
These functions are also required to satisfy V°(x *) = V~(x*) (CLmatching). This additional 
condition determines the common value p -- V°(x *) = V~(x*) and x* as a function of D. These 
are, respectively, denoted by p(D) and x*(D). Some of the properties of p(D) now follow: 
(i) p(D) is a smooth and monotone decreasing function of D and has a unique zero at D = D*; 
(ii) dPd-~DD [ = D. < O. 
The CLmatched solution in the above is denoted by V* and we have obtained the so-called 
outer approximation (U*, V*), where 
ho(V*(x;D)), x e [0, x*(D) l, 
U*(z;D) = hl(V*(z;D)) ,  x e [x*(D),l]. 
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The jump discontinuity in U*(x; D) at x = x*(D) is smoothed out by using a function u*(y) 
describing the heteroclinic orbit of the following system: 
Duy v + v* - F(u) = O, lim u(y) = ho(v*), lim u(y) = hi(v*). 
B ---* - -  00  y "---~ O0 
The existence of such solution is ensured by the conditions in (H3). By using an appropriate 
cut-off function, we glue U*(x; D) and u*([x - x*(D)]/,) together. One can show by using well- 
established methods in singular perturbation [9] that there is an equilibrium solution to (1),(2) 
near the approximate solution constructed in the above. 
The stability analysis for/g(x; ,, D) is extremely delicate as the following theorem indicates. 
THEOREM 2. There are a constant 6 > 0 and a critical value D(e) E (Do, D1) such that the 
linearization of (1),(2) around U has a unique pair of complex eigenvalues p(,, D) = PR(', D) + 
ipi(e, D) with PR > -6,  which satisfy 
(a) pa(e,V)  < O, for V > V(a), pn(e,D(,))  = 0, and pn(e,D) > 0 for D < D(a); 
(gpn(e,V) (b) aD [D=D(e) = O( ' -1 )  ( 0; 
(c) p1(,, D( , ) )  = 
(d) lim,-~0 D(,) = D*. 
Theorem 2 clearly indicates that the Hopf-bifurcation cannot be detected by the usual pro- 
cedure as in [9] in which occurance of such a bifurcation is shown as a perturbation from the 
corresponding result for the singular limit system (, ~ 0). In fact, as ,  --* 0 a pair of the critical 
eigenvalues associated with the Hopf-bifurcation goes off to infinity. In this sense, we call such 
a bifurcation singular. It is quite interesting to know what the interface equations are for the 
system (1),(2). This is heuristically treated in [6]. 
OUTLINE OF THE PROOF OF THEOREM 2. Detailed analysis is available in [8]. We linearize the 
problem (1),(2) around the equilibrium solution L/(x; e, D) and consider the following eigenvalue 
problem: 
e2pw = L 'w + z, pz = zzx - w (6) 
with the homogeneous Dirichlet boundary conditions at x = 0, 1. Here L e is defined by 
L~w = ,2wxx - F'(U~(x; D))w, with b /= (U ~, V~). 
The first eigenvalue A~(D) of L ' has the limiting property 
( I? ) lim A~)(D):= lim --A~ = _n2j , (v . )p(D) ,  n-u = [u*(y)] 2 dy , 
e---*0 ¢--*0 , oo 
and the remaining part of the spectrum is contained in (-o~, -6] for some & > 0. Now following 
the same line of arguments as developed in [9], we arrive at the following. 
The eigenvalues p = Pn + ipi of (6) with PR > -6  are solutions of 
}~(D) - ePR =' (PR, p2) , 
' = S ~ (PR,P~). (7) 
One can solve 
A~(D) = A ~ (0, p~), 
,=  B 0 (0 
D(a). The second equation in the above implies p1(e) --* oo as ,  --* O. On in p~ and D as p1(e) 2, 
the other hand, the monotonicity of p(D) in D gives ~tO=D( , )  = O(1) < 0. By utilizing the 
Cauchy-Riemann equation for the analytic function 
A ~ (Pn, P~) - ip IB e (pn, p2) (8) 
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of p = Pn + ipi, we find that the Jacobian matrix of the two equations in (7) with respect o 
(PR, P21), computed at (Pn, p/2) __ (0, pz(c) 2) is regular. By applying the implicit function theorem, 
we obtain the eigenvalues p(e, D) = PR(e, D) =t= ipl(e, D). Since the function in (8) is obtained 
from the resolvent operator of a second-order differential operator, it vanishes as p --. oc and 
hence, we also obtain 
lim p,(e)B e (0, p~(e)  = lira p,(e)e = O. 
~---~0 ~-'*0 
Therefore, we have pl(c) ~ co and p1(e)e --~ 0, as e --* 0. More detailed computation gives the 
result in Theorem 2 (c). As for the statement (b), the Cauchy-Riemann relation applied to (8) 
gives 
>0 0 [epn+ A¢(pR,pt(e)2)]  = _20B~______.=_ 
OpR 
This fact and OD D=D(¢) = O(1) < 0 imply (b) with a careful order estimates. This completes 
the outline of proof. 
REMARKS. 
(I) The order estimates in Theorem 2 (b),(e) clearly show that the destabilization ofL/(x; e, D) 
through a Hopf-bifurcation cannot be captured by in the singular limit e J. 0. This is in 
sharp contrast o the case described at the end of the Introduction. 
(II) Even if the parameters ~0,ul ,  etc., are chosen differently from (4), we still have results 
analogous to those in Theorems 1 and 2. 
(III) The fact that the diffusion rates of u and v are exactly equal is not essential to obtain 
such results as in Theorems 1 and 2. One only needs to require that the diffusion rates 
of u and v are of the same order of O(1) relative to e ~ 0. 
(IV) The result in this paper has a wide range of applicability. For example, a combustion 
model in a sufficiently long cylindrical domain can be brought o a problem of the same 
type as (1),(2) (see [6]) and the same results as in this paper are valid. 
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